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Abstract 
Squeezed and entangled two-mode light can be generated by the combination of degenerate and nondegenerate 
parametric oscillators. The correlated signal-idler modes are not only enhance the degree of quadrature squeezing 
and entanglement properties of the two-mode light but they are also the cause of these properties. But the effect of 
signal-signal modes are to enhance the degree of quadrature squeezing and to reduce the entanglement property of 
the two-mode light. 
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1. Introduction 
The interaction of radiation with a nonlinear crystal leads to the production of a radiation with nonclassical features 
such as quadrature squeezing and entangled two-mode light. In a down single photon conversion process, each 
pump photon to be annihilated inside the cavity and produce a pair signal-signal degenerate photons or signal-idler 
nondegenerate photons of the cavity modes [1] - [14]. It has been predicted that a parametric oscillator produces 
light with quadrature squeezing [5], [6] and entangled modes [7], [8] that is due to the quantum correlation between 
the two modes. 
A squeezed state of light features reduces quantum noise in one quadrature component below the standard 
quantum limit (vacuum or coherent state). The minimum uncertainty of the product of the two quadrature 
components must be preserved by enhancing quantum noise in other quadrature component. Squeezed light has 
application in optical communication and high sensitively quantum detectors. 
It is believed that entanglement is the bases for emerging technologies as quantum computation [15] and 
quantum cryptography [16]. Recently, much attention has given to the generation and detection of continuous-
variable entanglement for quantum information. The efficiency of the quantum information processing highly 
depends on the degree of entanglement. Hence, it is desirable to generate strongly entangled continuous-variable 
state. Schemes for generating continuous-variable entanglement have been proposed and realized in non-
degenerate parametric amplifiers [14], [19]. 
In this paper we propose a system made up of a combination of subharmonic degenerate and nondegenerate 
parametric oscillators. We wish to investigate the squeezing and entanglement properties of a two-mode light 
produced by the system under consideration, employing the steady state solutions of the cavity mode operators 
and the correlation properties of the noise operators. 
 
2. The Cavity Operators 
We consider a cavity contains three nonlinear crystals in which the pump modes are down converted into a pair of 
highly correlated signal-signal and signal-idle modes. The two crystals are used to produce signal-signal modes 
       and the other one is used to generate signal-idle modes    as shown in FIG. 1. 
  
 
FIG. 1 Schematic representation of combined subharmonic parametric oscillators. 
 
2.1. Master Equation 
With the pump modes treated classically, the subharmonic parametric process can be described in the interaction 
picture by the Hamiltonian 
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in which      considered to be real, are the amplitudes proportional to the pump modes, with and 
   being the c-number variable for the pump modes and the coupling constants for subharmonic generation, 
respectively and ,    1, 2. The equation of motion for the density operator corresponding to Eq. (1) with the 
cavity modes being coupled to vacuum reservoir can be expressed in the form 
  (2) 
where  is the coupling constant for the interaction between the cavity and reservoir modes.  
 
2.2. Cavity Modes 
In this section we seek to find the expression for the cavity mode operators at steady state. With the aid of Eq. (2) 
and 
,      (3) 
along with the cyclic property of the trace operation and the commutation relations:  ,   ,  ,   
0, with ,    1, 2, we get 
    (4)
  (5)
   (6) 
On the bases of Eq. (4), we write 
   (7) 
where  
! are the noise operators having the following correlation properties: 
     (8) 
With the aid of Eq. (7) and the definition of quadrature operators for a single-mode light given by 
     (9) 
we can write as 
     (11) 
     (12) 
      (13) 
with 
      (14) 
     (15) 
 
We next proceed to seek the steady state solutions of Eq. (9). To this end, introducing a unitary matrix defined by 
      (16) 
with "  #
$
$% and  "  #
$
$% being the eigenvectors of the matrix &', we write 
    (17) 
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where 
     (18) 
and '  are the eigenvalues of M±. We note that Eq. (17) will have well defined solutions if both ' ( 0 . Hence 
the solution of Eq. (17) for  ) → ∞ can be written as 
     (19) 
 
We next seek the eigenvalues and eigenvectors of &'. Applying the eigenvalue equation: 
      (20) 
along with Eq (12), we have the characteristic equation: 
     (21) 
and the roots of this quadratic equation are 
     (22) 
      (23) 
where 
      (24) 
Furthermore, in view of Eqs. (11) and (22), we see that 
      (25) 
in which 
       (26) 
Taking into account the normalization condition: 
       (27) 
we get 
     (28) 
Similarly the elements of the eigenvector corresponding to 'is found to be 
     (29) 
where 
        (30) 
Substituting Eqs. (28) and (29) into Eq. (16), we see that 
      (31) 
Taking into account ,'-)  )./ is a diagonal matrix and employing Eq. (31) along with the inverse of this equation, 
we find 
     (32) 
where 
     (33) 
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With the aid of Eqs. (11), (19), and (32), the quadrature operators can be expressed as 
    (34) 
 
 
3. Quadrature Squeezing 
In this section we seek to calculate the quadrature variances and analyze the effect of single-signal and single-idler 
light modes on quadrature squeezing property of the two-mode light in the cavity. The squeezing properties of the 
two-mode light can be described by two quadrature operators defined by 
       (35) 
with 0'being quadrature operators defined in Eq. (9). These quadrature operators satisfy the commutation 
relation 
       (36) 
On the basis of these, we use a modified criteria that a two-mode light is said to be in squeezed state if either 
∆2 3 2 or ∆24 3 2  providing that ∆2∆2 5 4. Using Eq. (35), the variances of the quadrature operators 
defined by 
       (37) 
can be expressed as 
      (38) 
in which :: stands for the operators in normal order. With the aid of Eqs. (8) and (15), we easily verify that 
       (39) 
Moreover using Eqs. (14), (34), and (39), we find 
     (40) 
     (41) 
     (42) 
Finally, applying Eqs. (40), (41), and (42) in Eq. (38), we find 
      (43) 
Eq. (43) represents the quadrature variances for two-mode light produced by the combination of degenerate and 
nondegenerate parametric oscillators.  
It is interesting to consider some special cases for the system. For the case in the absence of nonlinear crystals that 
produce signal-signal modes, the system reduces to non-degenerate parametric oscillator. Thus upon setting 
    0 in Eq. (43), the quadrature variances take the form 
        (44) 
We see from Eq. (44) that nondegenerate parametric oscillator produces light in squeezed state and the squeezing 
occurs in the minus quadrature. Moreover, It is also possible to obtain 50% squeezing on the minus quadrature at 
critical point   2. 
For the case in the absence of nonlinear crystal that generates single-idler modes, we set   0 in Eq. (43), 
so that the system reduces to the quadrature variances of two-mode light produced by two degenerate parametric 
oscillators: 
       (45) 
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Eq. (45) shows that the two-mode light produced by two degenerate parametric oscillators are in squeezed state. 
If the amplitudes proportional to the pump modes are taken to be equal, the quadrature variances of the two-mode 
light produced by two degenerate parametric oscillators will have same forms as that of the nondegenerate 
parametric oscillator. 
 
   
a.    0.00      b.    0.10  
 
 
 
c.    0.15      d.    0.20  
 
FIG. 2: The plots of the minus quadrature variances versus  and  for   0.8 and for different values of 
. 
In FIG. 2 we plot the variance of the minus quadrature [Eq. (43)] versus   and  for   0.8 and for 
different values of the amplitude proportional to pump mode of the nondegenerate parametric oscillator, for  
0 (FIG. 2a),    0.10 (FIG. 2b),   0.15 (FIG. 2c), and    0.20. (FIG. 2d).  We note from these figures 
that the two-mode light generated by the system under consideration exhibits squeezing in the minus quadrature 
and the degree of squeezing increases with the amplitudes proportional to the pump modes. The figures also show 
that the degree of squeezing is relatively better where    compared to  : . 
 
We now consider the cases at a critical point   ;-  2/-  2/ 2⁄ . At this point the quadrature of the 
plus quadrature blows up and the minus becomes 
      (46) 
Furthermore setting    in Eq. (46), we have ∆24  1. It implies that 50% of noise reduction can be 
obtained at critical points with   . 
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a.    0.00      b.    0.05  
 
 
c   0.10    d.    0.15  
FIG. 3: The plots of the minus quadrature variance versus  for   0.8 and different values of  at critical 
points. 
FIG. 3 represents the plots of the variance of the minus quadrature [Eq. (46)] versus  for   0.8 and for 
different values of   0.00 (FIG. 3a),   0.05 (FIG. 3b),   0.10 (FIG. 3c), and   0.15 (FIG. 3d).  
The plots in FIG. 3 indicate that the degree of squeezing increases as the difference between  and  decreases. 
 
4. Entanglement 
The entanglement between the modes is well established by Duan et al. [12]. Defining the combined quadratures  
=      and $  4 > 4, a system is said to be entangled if the sum of the variances of the two EPR-
like operators of the two modes satisfy the inequality: 
      (47) 
It can be readily established that the steady state variances of these operators in terms of anhilation and creation 
cavity mode operators to be 
     (48) 
Taking into account Eq. (42) along with Eq. (43), the sum of ∆= and ∆$  can be expressed as 
  (49) 
 
 
 
 
 
 
 
 
 
Advances in Physics Theories and Applications                                                                                                  www.iiste.org 
ISSN 2224-719X (Paper) ISSN 2225-0638 (Online) DOI: 10.7176/APTA 
Vol.78, 2019         
 
11 
 
 
a.    0.00      b.    0.10  
 
 
c.    0.15      d.    0.20  
 
FIG. 4: The plots of  ∆= > ∆$ versus  and  for   0.8 and for different values of . 
In FIG. 4 we have plotted the sum of ∆= and ∆$ [Eq. (49)] versus  and  for   0.8 and for different 
values of the amplitude proportional to pump mode   0 (FIG. 4a),   0.10 (FIG. 4b),   0.15 (FIG. 4c), 
and    0.20 (FIG. 2d). The plot in FIG. 4a indicates that the two-mode light produced by degenerate parametric 
oscillators don’t exhibit entanglement property this may be due no correlation between the two signal modes. On 
the other, The other plots show that the signal-idler modes produced by nondegenerate parametric are the source 
of entanglement properties for the cavity modes produced by the system under consideration and the degree of 
entanglement increases with the amplitude proportional to the pump mode of the nondegenerate parametric 
oscillator  . 
 
5. Conclusion 
In this work, we have considered the cavity modes produced by combination of non-degenerate and two degenerate 
parametric process. Employing the master equation, we have obtained equation of motion for the expectation 
values of the cavity mode operators. Using the steady state solutions of the resulting equations, we have determined 
the quadrature variances of the two-mode light. Our analysis showed that the system under consideration can 
produce a light in squeezed state and the squeezing occurs in the minus quadrature. Moreover, signal-signal and 
signal-idler modes produced by degenerate and nondegenerate subharmonic generations, respectively enhance the 
degree of quadrature squeezing. We have also studied the entanglement properties of the two-modes as steady state. 
The result shows that the entangled light modes are produced by non-degenerate parametric oscillator but the 
modes produced by degenerate parametric oscillators reduce the entanglement properties of the two-mode light. 
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